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Abstract

The focus of this research involves a distinct category of fractional differential equations (FDEs), specifically sequential
Liouville-Caputo FDEs, which incorporate antiperiodic boundary conditions and Rie-mann-Liouville integral constraints,
provided that certain appropriate conditions are satisfied. The main objective of this paper is to investigate the existence
and uniqueness (EU) of the solution for the proposed problem, utilizing fixed point (FP) theory, and several novel
equalities have been established in the norm form.
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1| Introduction

There seems to be a substantial growth in the field of fractional differential equations (FDE),
highlighting the significance and applicability of integrals and derivatives of arbitrary order across
various domains of knowledge. It is important to emphasize that fractional calculus is widelj]|dp-
plied in natural phenomena such as chemical physics, fluid dynamics, electrical systems, viscoelastic
materials, and porous media, thus attracting significant interest from the scientific community [1, 2|.
Recently, researchers have been exploring the solvability of linear initial FDE with respect to specific
functions[in[ different contexts, where the potential existence of solutions (including positive solu-
tions) is indicated through the application of the Leray-Schoder theory and the fractional Poincaré
theorem |[3, 4.

The FDE sequential type represents a captivating category of equations. Instances of investiga-
tions conducted on such equationis are showcased in references [5, 6].

The investigation of the EU of the sequential system below was prompted by the HIV infection
model, as discussed in reference [7]:

(@al + k‘lgalil) U1(9) =% (9,
(®a2 + k2©a2—1) U2(9> = 32 (0
v1(0) = v1(0) =0, (1) = sz( )
v2(0) = 15(0) = 0, vy(1) = bui(n)
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given ay, a0 € (2,3)), 6,5,n € (0,1), k1, ko € R, a,b € R, D2 and D2 represent the Liouville-
Caputo sense, while 1,15 : [0,1] x R Xx R — R denote the specified continuous functions. The
key methodologies employed in deriving the outcomes involve two fundamental theorems in FP
viewpoint: Banach’s contraction principle and Leray-Schauder alternative.

A distinct class of issues that has garnered significant interest pertains to the antiperiodic bound-
ary problems encountered in the mathematical representation of specific physical phenomena and
occurrences. Notably, extensive investigations have been conducted on the fractional variation of
such problems by numerous scholars [§, @9]. An illustration of this can be found in the subsequent
nonlinear antiperiodic boundary value problems addressed by the authors in [10].

Many scholars within this discipline contend that employing integral boundary conditions is

a more rational approach compared to local boundary conditions. Integral boundary conditions
are commonly utilized in various models such as population dynamics, blood flow modeling, heat
transmission, and cellular systems.

Previous investigations on Fractional Differential Equations (FDE) and Partial Differential
Equations (PDE) with integral boundary conditions can be located in references |11, 12].

In light of the existing literature and addressing the inquiry on the unification of antiperiodic and
integral conditions in a system, this paper introduces the utilization of anti-periodic and integral
conditions for sequential FDE involving the Liouville-Caputo-type derivative with an order of 2 <
a < 3. Additionally, novel existence outcomes that have not been previously presented are provided
in this work.

Now consider the following problem:

D(0) + kD w(8) = F (6,v(0), D 1v(h)),

B1v(0) + rv(l) + 1Iv(s) = e, (1.1)
ﬂQU,(O) + ¢2UI(1) + /YQJTU/(g) = €9, ’
Bs0"(0) + ¥30" (1) + 13370"() = e,

the parameter « € (2, 3| represents a real number, while (;, 1;,7;, €; € R fori =1,2,3 and 6 € [0, 1],
k,r,¢ > 0. The operator ®¢ denotes the Liouville-Caputo derivative, and the boundary conditions
involve antiperiodic cases and R-L fractional integral boundary values. The symbol v corresponds
to a nonlinear term that includes the unknown function. The expression of a linear combination
involving the values of an unspecified function and its initial derivatives at the boundaries of a given
interval, together featuring the R-L fractional integral value of the aforementioned function and its
first and second derivatives at a point within the interval, serve to define the novel constraints
placed on the system.

2|Preliminaries

In this part, we introduce the key definitions and lemmas of the theory of integrals and derivatives
of arbitrary order that will be referenced in the upcoming sections [I3HI5].

Definition 1. Let § : [0,00) — R be a function that is continuously differentiable n times. The
expression for the Liouville-Caputo fractional derivative of order € > 0 for § can be expressed as

L ) /06(9 — )" =L (5)ds,

OUO) = [
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in whichn € N, # >0 and ¢ € (n — 1,n).

Lemma 1. The Liouville-Caputo FDE ©<(f) = 0, featuring ¢ > 0, possesses the general
solution

5.1(9) =+ CQH —+ ...+ cnﬂnfl,
in whichne N, ee (n—1,n)and ¢; R, i =1,2,....,n.

Lemma 2. [I6] If & € C"1[0,b) and D4 € C0, b), then

FDUU() = () —

holds on (0,b) for n € Nand ¢ € (n —1,n].

NOTATIONS. To facilitate the proof of the subsequent lemma and to further progress the re-
search, the forthcoming symbols will be introduced:

ai + P 716" _ Br+i(k+1)  7c" (14 ko)

= kD(r 4 1) & 2 k2T (r + 1)
S r—1 r
- —k (c—9) ks Pt Y2S
03 = 81 + e 71/0 TTO) e ds, 04 = ? + ANCES)
S _ r—1
(55 = —k (ﬁz + wgek’}@/ &6k8d5>
0 I'(r
S - r—1
5 = k> (53 + ey / (o e’“d5>
0 L'(r)
1 1 1 1
f1(0) = k_51’ f2(0) = _k_(51 + k2_54 + k’_5497
f3(0) _ _5255 + 5154 55 55 0 4 le_kg

k616406 k20405  Kkouds O
1
01 (V. v(0) = v [0 (3 () ds
0

20, v16)) = v [ S Suds b b [0 (307 ds

S (g _ S)r—l ot
- ’}/2/0 W (J V(S)) ds

+ ke /0 ( % ( /0 e (3% v (m)) dm) ds + €

a0V = —n [ L mvsias ke [ =L o
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Lemma 3. Authorizing v € C[0,1] and v € CQ[O, 1]. Therefore, the following sequential FDE
D0 (0) + kD () = v(h), (2.1)
for 6 € [0,1] and k£ > 0 with the boundary conditions

B10(0) + ¢rv(l) + 1T"v(s) = €@
Bt (0) 4 19" (1) + 1TV (§) = €2 (2.2)
B50"(0) 4 30" (1) + 13TV (s) = €3

has a unique solution

v(0) = f1(0)¢1 (v(1),v(s)) + f2(0)p2 (v(1), v(<)) + f3()@s (v(1), v()) (2.3)
+/ e~ kO=9) (37 'w(s)) ds.

Proof. Authorizing v € C?[0, 1] denote a solution to the BVP referenced in equation Given that
V" € C0,1], the definition stated in [2.1] elucidates that D*~1v € C'[0, 1]. Furthermore, considering
the relationship D%v = v(0) — kD> 'v and v € C[0, 1], it follows that D*v € C(0,1). Consequently,
as per lemma [2.3] the subsequent relations can be deduced

D) = v(0) — B1 — Bl — Bu®, 0 € C(0,1), (2.4)
and
31D () = 0(0) — iy — i, 0 € C(0,1),
So,
0 62
30D 1y (6) = 313011y (g) — / 0(s)ds — tr — o — (2.5)
0
Here, from and [2.5] we can gain
0 62
v(0) + k/ v(s)ds = co+ 160 + g+ Jv(0),
0

in which ¢, ¢, co € R. It is readily apparent that

V'(0) + kv(0) = ¢ + caf + T (0),



and

and
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V"(0) + kv'(0) = co + T*?v(0).
In this way, we can come up with the general solution of the FDE as such:
—kO (&1 -1 0 ’ —k(0—s) (~a—1
vl)=ce "+ —4c|-—5+-]+ [ e (3% w(s)) ds, (2.6)
k k2 k 0
where ¢y, ¢9, c3 € R. Moreover, from this we have
C2 1 ’ k(0 1
V'(0) = —kese ™™ + % +37 () — kz/ eH(O=9) (37 'w(s)) ds, (2.7)
0
0
V"(0) = k*cze™ + 3°720(0) — k3w (0) + k2/ e 7O (37 1y (s)) ds. (2.8)
0
Utilizing the boundary condition within the equations yields
0101 + 09co + 03¢5 = 1 (v(1),(s))
5402 + (5503 == ¢2 (l/(].), V(§)) (29)

dec3 = ¢3 (v(1),v(c)) .

A concurrent resolution of the system referenced as results in

1 (52 (5255 —+ (5354
1 = 500 (1),(9) = o (1), 16) — 222 (1), ()
2 = 562 (1), () - %gb (v(1), (<)

Replacing ¢1, c2 and ¢3 to[2.6] we can get the desirable solution [2.3] The converse form of the lemma

is derived through straightforward calculation. The outcome is acquired.

Lemma 4. Authorizing that v € C ([0, 1],R). So, we can gain

1— —k a+r 1— —kg
i lon D] < (Wl + Pl i) ) W1+ el = Ll +
k 1 — —k atr ([ 1 — —ks
i 02 (] < (10l el e = el + o
= Lol + fe

a—14+k(2—-e*)

iii. |3 (v(1),v(<))| < <\w3| + |73

.

kT() ['(a)l'(r+1)

(o = 1)t o2 - 6‘“)) «

g

L3
V]| + [es] = Ls|[v| + [es]
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Proof. Obviously, we have

wHwM=f@%5/w—mW%WMm—()

3% |— oy v

ga—i-r(l o e—k€>
= kT (a)T(r + 1)

° s—m) (~a— 5 1 e—ks

/0 ek )(J 1l/(m)) dm‘ ST & vl
! 1 1—e*
k(1—s) (~a—1

/0\ € (J I/(S)) dS — kF(Oé) k HV“7
/ goz—&-r

0
/

Hence,
o (6] < [ [0 @ () s

SR ([ e )

1—eFk G (1 — e7k<)
< (il + bl ) ) W + e

= La|v]| + le

+

In case the proof (ii) and (iii) looks like (i), it is removed.

Set C[0,1] is all the continuous functions on [0,1]. Authorizing C,_; = {v € C[0,1]; D> v €
C10,1]}. Consider € = (Cy—1, ||-|la—1) displays the Banach space armed via the norm given by

[V]la-1 = sup [v(8)] + sup [D*u(B)] = [[v] + D], (2.10)
0<6<1 0<6<1

In connection with lemma [2.4] when g(¢) is replaced by F(6,v(6)) in equation [2.1] the resolution of
the issue stated in problem transforms into the FP of the operator equation v = PBv. Here, the
operator P : € — & can be defined as:

Po(d) = [(6)61 (3 (1, 0(1 > D" 1v<1 )58 (5, v(6), D7 (s)))
+ f2(0) ¢ (F (1,0(1), D o(1)) ,F ( aflv(g))) (2.11)
+ f3(0)s (§ (1,0 @a (1)), 5 (

—|—/ e~ kO0=) (’JO‘_IS (s, v(s), @O‘_lv(s))) ds

0

§,U
§U

Y
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and
D Pu(f) = —5%% (& (Lo(1), 27 (1)) ,§ (1,0(c), D v(q))) X

Pt =5

[ g ot

+ /9 M /S e~ Hls=m) (3°7'F (m, v(m), D v(m))) dm | ds
o F2—a) s o
Proposition 1. (see [I7]). P : € — € that is characterized by complete continuity. Authorizing
U={vee&: v=Aev, for some <\ <1},

afterwards, either set l is unbounded or P possesses at least one FP

Proposition 2. (see [18]). Let & be a Banach space, ® C & be closed and P : ® — D a strict
contraction, i.e., [Puvy — Puvy| < klvg — vy| for some k € (0,1) and all vy, ve € ©. Then, P has a
unique FP.

3|Main Results

Our hypothesis regarding § will be elucidated prior to commencing and presenting the main
results

(a) §:[0,1] x R x R — R is continuous.

(b) there exist constants a1, a2, a3 € RT such that for all § € [0, 1] and v, v* € R:
|S<9,U,U*>| < CL11|U|01 + CL12|U*|02 + a3, 0< 01,09 < 1.

(c) there exist constants ag;, ase € R such that for all § € [0,1] and vy, vo, v}, v5 € R :
§(0,v2,v3) — (0, v1,07)| < az|va — v1] + ag|vy — vl

Theorem 3.1. Suppose that conditions (a) and (b) are satisfied. Subsequently, it follows that the
problem referenced as possesses at least one solution.

Proof. Firstly, the characterization of a ball within the space € denoted by ¥ = {v| v € &; ||v|| <
R}, is explicitly provided, in which
R Z max {(3L4a11)ﬁ s (3L4a12)ﬁ ,3 (3L4a13 + L5)} y

L4 = Z?:l Msz + M4L3 + % and L5 = Z?:l M1’€z| + (Mg + M4) |€3|. The mapping
B : Yp — Yr is demonstrated. When considering v € g, application of lemma and the

constraint (b) yields
[Bo®)] = [/2(0)] |1 (8 (1,0(1), 277 0(1)) ,F (5, v(<), D v(s)))|
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+1f200)] |62 (8 (1,0(1), D (1)),
+1f5(0)] | (8 (1,0(1), D (1)),

0
+/ e—k(@—s) |ja—lg( ( ) Sk 1 ( )’dS
0

1_€—k a—f—r o
—Ml{<W1|—+”Yl > (an R 1+a12R2+a13)}+M1\61\
+1-

(o)

kE+1 "‘*T(k e~ k) o s
{ (|¢2|T + |72| KT (a)D(r + 1) ) (a1 R + a1pR™ + a13)}
1 + k(2 _ 67k) (Oé _ 1)§a+r71 + k,ga+r(2 _

+ My|ey] +M3{(I¢3la — (o) + sl T(a)T(r+ 1) e’“))}

X (a11 R 4+ a19R*® + aq3)
—k

1
+M3|€3‘ +

-
kT ()
3 3
Z 1
= <¢:1 Mikit kF—(Oé)> (@ R™ 4 a12R™ + a13) + E M;le;]

=1

(CLllRal + (llgRaQ + alg)

Also, we have

D90 (6)| = ‘;—f@ (5 (1,0(D. 2" 0(1), § (5,00 0 "0(e) [ %e%

0

v/ 9 05 (), 0 ol s
+ /09 % (/O e FETmITIE (5, 0(s), D% o(s)) dm> ds
< e
X max § (0,0(0), D 'v(0)) %
o Tl ey i 3 00097000 s
+ o 8 (0, 0(0), 9 (9)) (1}(;)?(1)—630:;
< m[@ (a11 R + a19R™® + aq3) m&:;ﬂ
+ W (anR™ + anR™ + ars)

5 ) (@11 R + a12R? + ay3) + Myles|,
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where M, = Now, the above discussion yields

k-
[06|T"(4—) *

19BV]la-1 = [Boll + D Po||

3 3
1
S (Z MiLi + kr—@) (allel + CL12R02 + (113) + Z MZ’Ql
i=1 =1
2
+ <M4L3 + m) (CLHRol + G12R02 + a13) + M4|€3|

3
[(4—a)+2k N B
— (; M;L; + MyLs + FT(a)T(4 — a)> (a1 R7 4+ a1oR™ + ay3)

2
+ Z Mle;| + (Mz + My) |e3]
i=1
= L40J11R01 + L40J12R02 + L4a13 + L5

<44+
_3+3+3

This signifies the mapping B : yr — . By referring to equations (2.16) and (2.17), one can
comprehend that the operator B exhibits continuity on the interval [0, 1]. Subsequently, it will be
demonstrated that 3 represents an equicontinuous operator.

Authorizing 61,0, € [0,1] with 6, < 0. Set M = maxge1 |§ (0, v(0), D v (0))], Yv € Yp.
Ergo

[P (0z) — Po01)] = [ f2(62) = f2(01)] |92 (F(1,v(1), D 0(1)), §(<, v(<), D 0(<)))|
+1f5(02) — f3(01)] |5 (§(1,0(1), D0 (1)), §(s, v(s), D (<))

02
| efM®f@(zwﬂswfwssz*%xs»)ds
0

01
_/0 e k(61—s) (~o¢ 13(3,1}(8),@0‘_11)(3))) ds
k- (41— )
= %o (W?' kT (a ) +|72| ()T 1) +|62|> (62 — 01)

ko ko |65| M
(e hon 6, — 0
+|56| (e e )+k:|545|(2 1) X

a—1+k(2—e*) (0 — 1)¢otm =1 4 kgatm(2 — )
(TR [l T+ 1) )

|65|M * —k(02—s) |~a—1 a—1
k|65||€2|( —6,)+ ) e ‘J S(s,v(s),D v(s))}ds

01
+/ (e*k(elfs) — e’k(ars)) 13718 (s,0(s), D v(s))| ds
0

Lg L3|55|
<M Oy — 0
>~ <k"53| + ]{7‘54(56| -+ ’€2| + ’63‘ ( 2 1) +

_|_

+

1 - —RU2
@(e kGl_ekG)
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M
kT ()

4 {2 (1 - efk(92701)) 4 (efkel . 671602)} )

Also,we have
|®a71€BU(92) — @a’lfﬁv(el)’ = ]6_1{;| |¢3 (T (1,0(1),2* (1)), F (s, U(g),@a’lv(g))ﬂ

/92 (92 - S)Q—ae_deS B /91 (91 - 8)2—04 e_deS
0 0

8 I(3—a) T(3—a)

02 _§)2«
+ /0 1 B (375 (s,0(s), D 0(s))) ds

'3 —a)

O g e o)

02 _ )2«
+k /0 (02 =s)7" (375 (s, v(s), D*v(s))) ds

['3—a)

[ ([ oo

(gl M.
03 — 07"+ 2(0 — 01)*°
)

Assuming 0; — 6, then |Pou(by) — Po(61)| — 0, and
|D* ' Pu(bs) — D* ' Pu(6:)| — 0,

that is, as 6; — 6,
[Bu(b2) = Po(01)] 4y — 0

Hence, the inclusion B(1g) C 1), establishes an equicontinuous set. Besides, the set is charac-
terized as uniformly bounded due to P(¢r) C 1,. By employing the Arzela-Ascoli theorem, it is
possible to deduce that the operator P8 exhibits complete continuity.

Upon examination of 4 = {v € ¢gr| v = pPPov, p € (0,1)}, it is essential to establish the
boundedness of . For any v € 4L it is known that ||v|la—1 < [|[Pv|la=1 < R. This observation
correlates with proposition [2.0]in order to demonstrate that the possesses at least one solution
within ¢, thereby, confirming the proof.

Theorem 1. If assumptions (a) and (c) are satisfied, and the condition Ly (ag; + az2) < 1 holds,
then the problem stated in reference possesses a unique solution.

Proof. Taking supgepo,1)|§(0,0,0)] = N < oo way that r > % Firstly, it is revealed that
B(Y) C 1y, where ¥, = {v| v € € ||v||o—1 < r}. For each v belonging to the set v,, through direct

computation, it can be shown that

[Bo@)] = [£O)] o (F(1,0(1), D 0(1)), §(s, v(s), D7 v(s))) |
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+1200)] |62 (§(1,v(1), D (1)), §(<, v(s), D (<)) |
+ 1 £0) [és (§(1,v(1), D (1)), (s, v(c), D v(s))) |

—I—/ e k(0=s) ’3“‘1 (S(s,v(s),@a_lv(s))) ‘ ds

0

< ML, <§?§ﬁ 5(0,v(0), D> () — §(0,0,0) + (9,0, 0)|)

+ Myley| + MLy (52?2“1 |50, v(0),2* 'v()) — F(0,0,0) + F(9,0, 0)|>
+ My|ea| + MsLs (OIE% 136, v(0), 2 "v(6)) — F(6,0,0) + F(6,0,0) \)

+ Ms|es| + (Ogg; |30, v(0), D (6)) — F(6,0,0) + F(6,0, 0)\) x

(1— e—kﬂ)ea

kT ()
< MiLy (an||v]| + al|@ 0| + N) + M|e|
+ MLy (ag||v] + az||D* 'v|| + N) + Msle|
+ MsLs (ag||v] + az||D* 'v|| + N) + M;|es]

+ o) (as1 o] + as2||D* 0| + N)

1
< (MlLl + MyLy + MsLs + M) (CL21HUH + ag || Dol + N)
+ (Mi]er| + Malea| + Msles)) .

Also, for any v € 1., we have
k
D Pu(9)] < A |65 (F(1,0(1), D7 0(1)), F(s, v(s), D u(s))) | x

/09 (12(; i)Z)aeksds

’ (0 = 8)** | 1ot a—1
_|_/0 ) 3% (§(s,v(s), D2 v(s))) | ds

'3 -«
vk [ oy (e e @ vton, 2 ugm)) am ) as
< % (L3 Jnax 5(6,v(0), D> 'v(0)) — §(6,0,0) +F(9,0,0)| + |€3‘)
637a
“Tl—a)

+ 1 (max 136, v(0),2*"v(8)) — F(6,0,0) + F(6,0, 0)\)

0<0<1
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r(4 )
1 _ 6_ks a—1
T T(a)  \o=o=i [8(0,0(0), 210 (6)) —3(6,0,0)+3(9,0,o)¢)
93 e
“Td—a) I'4—a)
i <L3 (a21||v|| + ag|| D || + N) + |63|>
|66|1°(4 — )
1 a—1
T T gy vl + anl2 70l + N)
1 a—1
Ryt gy (vl + a0 ] + )
kL3 2 B
<|56‘F(4 —a) + T(a)D(4 — a)) (a21||U|| + agn||D || + )
TR Y
€
106|T(4 — ) 3
2 o
(ks =y ) (@l + ol )+ s

Now, with the help of above discussion, we acquire

[Bvlla = [Pl + [0 Po|
3 3
1
: (2 Mibit kr(a)> (azllvll + azllD° Mol + N) + 3 _ Milel

i=1
2

* <M4L3 T TaTE—a)

) (a21H’UH + CLQQH@a_lvu + N) + M4’€3|

3
L4 —a)+2k .
— (; M;L; + MyLs + R ()T (4 a)) (a21||v|| + ag||D || + N)

2
+ ) Mile| + (Ms + M) |es]
i=1
= Ly (a21 + ag2) ||V||a=1 + LaN + Ls
<r.

where Ly = >0 | M;L; + MyLs + % and Ly = 3.7 Mi|e;| + (M + My) |es|. Also, for any
vy, Vg € Y., We have

[Po2(0) — Por(0)] < [f1(0)] | o1 <3(17vz(1)>9°‘_lv2(1)) ,S(@Uz(g),@"‘_lw(g)))
—¢1 (S (1,01(1), 2 1 (1)) , F (s, v1(<), D v (<)) )‘
+ | f2(0)] ’¢2 (3 (1,02(1), 2% 'wn(1)) , § (G,U2(§),@O‘_1U2(§))>




Existence of solutions for seuential li-ouville-caputo fractional differential eQuations ... 45

60 (3 (1,01(1), 27 10 (1)), § (6, 0a(6), D M0 (s) )|
1O |05 (§ (10201, 22 02(1)) 1§ (5 12(). D M0s(6) )

_é, (3 (1,05(1), 210 (1)) ,3(g,ul(g),®a*v1(g))>‘
/ Ca (3975 (5, va(5), 2% Mea(s) = § (s, 01(5), 2w (s)) | ) ds

0
1 _
M L1+M2L3—|—M3L3+ k’F(a)) (a21HU2 —U1H —|—6122”®a711}2 _@04 1U1H>

3
1
: (Z kit kr—w)> (a21 + )|z = v1a-r.

and

|CD“_1‘}3U2(0) - @a_l‘ﬁvl(ﬁ)‘ < |6—k| ’¢3 (S (1,02(1), D% wa(1)) , F (s, v2(s), D va(s)) )
65 (8 (Ln(1), 22 (1) 5 (5, 01(6), 2% 0n(9)) )|
> /6 Me—ksds

" /0 (ﬁ(; i)o:)a
(0 —s)* * k(s—m
o e ([
X (30"1 ‘3 (m, va(m), D 'va(m)) — F (m, v1(m), D 'v1(m)) ‘ )dm) ds

kL
3 ) (CL21HU2 — U1|| —+ a22||©a_1vg — @a_l?)ln)

~ 1d6/T(4
1
@ —a) (0~ il el 07 =27 ul)
F @y —a) (e ol D =2 ul)

< ( kL N 2 )
T A\%II(4—a)  T(@)l(4-a)

X (CL21||U2 — ’U1H + CL22H®Q71’U2 — @ail”UlH)
2

ey o e = vl

< (M4L3 +

Therefore

19Bv2 = Puill,_y = [Boz — Puu]| + D Puy — DU FPu |
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M;L; + ML
2 s T T4 —a)

=1

3
I'4d — a) + 2k
< ( ( ) ) (@21 + age) [|[v2 — v1]|a—1

= Ly (a9 + ag) ||lva — v1|la-1-

Given that Ly (ag1 + ag2) < 1, it can be deduced that the operator 3 is constrained. This conclusion
is drawn from proposition 2.7, Consequently, 8 possesses a distinct FP, implying that the system [1.1]
boasts a unique solution. This observation effectively shows that the result has been achieved.

4|Examples

Now that the investigation into the outcomes of the EU of the solution has been successful, two
illustrative examples are presented in order to demonstrate the efficacy of the acquired results in
the present study. Assume

D%50(0) + kD50(0) = F (6, v(0), D150 (0))
0.010(0) + 0.020(1) — F20(0.5) = 0.0001
0.020/(0) + 0.010/(1) + 23%0/(0.5) = 0.0002
0.120"(0) + 0.180"(1) — 33%0”(0.5) = 0.0003.

(4.1)

in which 6 € [0,1] and k£ > 0. As claimed by problem , it is easy to understand o = 2.5,k =
1,T = 2,§ = 0.5,51 = 001,/82 = OO2,B3 = 012, ’lbl = 002,1#2 = 001,1/13 = 018, Y1 = —1,’}/2 =
2,v3 = —3, €1 = 0.0001, e5 = 0.0002, e5 = 0.0003.
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